Incompressible Navier-Stokes equations for gas mixtures are derived from Boltzmann kinetic models in a suitable fluid-dynamic limit. We consider polyatomic gases, each one endowed with a discrete set of internal energy levels. Specifically, we deal with a mixture of four polyatomic gases undergoing also chemical reactions. In the Maxwell molecule case, diffusion coefficients and contributions due to inelastic scattering and to chemical reactions may be explicitly computed.
Introduction
It is well known that kinetic equations are able to reproduce, by means of suitable hydrodynamic limits, the systems of macroscopic equations most commonly used in physical applications [14] . The passage from the kinetic level to a macroscopic description has been widely faced, both with a formal or with a rigorous derivation, above all in compressible regimes, leading to the usual compressible fluid-dynamic equations at different levels of accuracy (Euler, Navier-Stokes, Burnett). In last years, several results have been obtained also for gas mixtures and/or for situations with non conservative interactions, like chemical reactions or inelastic collisions [7] , [8] . The investigation of the incompressible limit for a single species has been performed in [2] , [4] , [3] , where the authors study several asymptotic limits of the Boltzmann equation, identifying among them the unique one yielding to the known incompressible Navier-Stokes system that may be obtained from the compressible one in the small Mach number limit. An analogous asymptotic limit has been recently performed starting from the kinetic BGK model [6] .
It is of course really interesting to extend this kind of derivation to more physically meaningful frames, as gas mixtures possibly undergoing chemical reactions. Some preliminary hints may be found in the literature on the small Mach number regime leading from the compressible to the incompressible fluid-dynamic system [17] , [1] . For inert mixtures, also formal or rigorous asymptotic procedures from suitably rescaled kinetic models have been investigated [5] , [22] , [23] , [19] , [16] , [20] , [24] . Actually, most references on the matter deal with a mixture of only two gases, and in this frame the kinetic system simplifies if we consider as unknowns, in place of single species distributions f 1 , f 2 , their sum f 1 + f 2 and their difference f 1 − f 2 . Moreover, papers that push the rigorous treatment to the very end ( [20] , [24] ) deal with two species with equal particle masses, for which it is well known that Boltzmann operators have the same regularity properties as for a single gas.
First rigorous steps on the analytical properties of bi-species collision operators in case of different masses may be found in [12] , where a proper Fredholm alternative has been proved in detail. This has been the motivation for the paper [11] , in which we present a formal derivation, from the Boltzmann level, of incompressible Navier-Stokes equations for an elastically scattering mixture of N gases, each one with its own mass. Of course, the assumption of different particle masses complicates the achievement of equations for global momentum and global temperature, since they are essentially a mean of single species mass velocities and temperatures, respectively, and therefore diffusion coefficients arise as the solutions of suitable linear systems taking into account all different masses, and collision frequencies between different species. Moreover, for a single gas an explicit Boussinesq relation [2] between number density and temperature implies that evolution of number density is obtained as a by-product of temperature equation; this is no more the case when we deal with a mixture, since the (generalized) Boussinesq equality provides a link between temperature and total density, therefore N − 1 independent equations for single concentrations are necessary to complete the Navier-Stokes system.
The main aim of this paper is to extend the derivation of incompressible Navier-Stokes equations from the kinetic level to gases whose particles may interact also through nonelastic collisions. Several kinetic models for non-conservative interactions of monatomic species have been proposed in the pertinent literature; however, it is well known that physically meaningful chemical processes usually involve polyatomic gases, and for this reason we use here as starting point the kinetic model proposed in [18] , in which each gas is assumed composed of Q components, each one characterized by a different energy level. This description may be considered as a first attempt to mimic non-translational degrees of freedom of polyatomic gases. Besides classical elastic collisions, particles are subject to inelastic transitions that cause the passage from an energy level to an excited (or de-excited) one, and even to bimolecular chemical reactions implying also transfer of mass. All these processes of course complicate the derivation of the non-elastic collision contributions at the considered hydrodynamic accuracy (namely, at the Navier-Stokes level), but for Maxwell molecules all coefficients may be explicitly computed.
The mathematical properties of the Boltzmann operator describing polyatomic gases, allowing thus energy transfer in each interaction, are still under investigation even in absence of chemical reactions. A suitable H-theorem has been proved [18] , but precise entropy/ entropy dissipation estimates are completely lacking, and also Fredholm alternative is an open problem. For this reason, we shall stick here to a formal derivation of the incompressible limit, since a rigorous derivation would require strong estimates (uniform in the small parameter) on the solution and on the o(ε) remainders that should rely on still unknown analytical properties of the non-conservative collision operators.
The formal incompressible limit is discussed in detail in the next section, divided for readers' convenience into three subsections. In Subsection 2.1 the Boltzmann kinetic model for a mixture of four polyatomic gases undergoing a bimolecular and reversible chemical reaction is presented, and the diffusive scaling corresponding to the incompress-ible limit is introduced. Then, Subsection 2.2 is devoted to the asymptotic procedure leading to the incompressible Navier-Stokes equations, with particular attention to the differences with respect to the inert frame dealt with in [11] . Finally, in Subsection 2.3 collision contributions due to inelastic scattering and to chemical reactions are explicitly computed and commented on.
2 Incompressible Navier-Stokes system for a reacting mixture of polyatomic gases
Rescaled Boltzmann equations
In kinetic theory, several models of Boltzmann or BGK-type have been proposed to describe a mixture of gases underlying simple (typically, bimolecular and reversible) chemical reactions [25] , [17] , [9] , [13] . These kinetic equations are quite awkward to deal with, both from the mathematical and from the numerical point of view, and for this reason several papers focus their attention especially on monatomic gases, even if it is well known that bimolecular reactions with mass exchanges usually involve not monatomic particles. However, even these simplified models are usually able to reproduce, in suitable asymptotic limits, hydrodynamic equations adherent with the ones commonly used in physical applications. Some more physically meaningful kinetic descriptions, suitable also for polyatomic gases, have been proposed for instance in [21] , [18] , [15] , in which single gases are endowed also with a (discrete or continuous) energy variable, to mimic non-translational degrees of freedom. In this section we start from the kinetic Boltzmann equations proposed in [18] , and we consider a mixture of four polyatomic gases G s , s = 1, . . . , 4, each one with a structure of Q > 1 discrete energy levels. For a proper mathematical treatment, the 4Q different components are labeled according to a single index and ordered in such a way that the s-th chemical species may be regarded as the equivalence class of the indices i which are congruent to s modulo 4 (we shall write simply i ≡ s). Each component A i , 1 ≤ i ≤ 4Q, will be then characterized by the energy E i of its state, while obviously all molecules A i with i ≡ s share the same mass m s . Energies E i ≥ 0 are assumed monotonically increasing with their index in the frame of each species. The evolution of the mixture is thus described by means of 4Q Boltzmann-type equations for distribution functions f i (t, x, v), one for each monatomic component A i . The general binary interaction between molecules will be written as
for suitable choices for the indices (i, j, h, k). For any component A i , classical elastic collisions [14] 
Moreover, we consider here other two different interaction-types, giving rise to inelastic transitions and/or to chemical reactions. Inelastic scattering occurs when a collision between two particles (A i , A j ) of the gases (G s , G r ) provides as output a pair of particles of the same interacting gases, but with at least one particle having a different internal energy; more precisely, for any component
Finally, we assume that collisions between particles of species (G 1 , G 2 ) may also produce a pair belonging to (G 3 , G 4 ) (or vice versa), implying thus a transfer of mass between molecules, besides energy transfer already involved in the inelastic transitions. For any A i , the triplets (j, h, k) describing such chemical reactions are given by the set
The Boltzmann equations for the distribution functions f i (t, x, v) of single monatomic components i = 1, . . . , 4Q read as
The binary operator
is the classical Boltzmann collision operator which takes into account the net production of particles i due to elastic collisions with particles j, while J i stands for the non-conservative collision operator. In all inelastic (mechanical or reactive) encounters post-collision velocities v hk ij , w hk ij are provided in terms of the precollision ones taking into account conservations of global momentum and of total (kinetic + internal) energy:
Last formula means that in each inelastic scattering implying excitation or de-excitation of the colliding particles, to the internal energy gap ∆E
there corresponds an opposite variation of kinetic energy. The same property is valid even for a chemical reaction (with also transfer of mass), since the binding energy involved in it may be seen included in the energy E s (s = 1, . . . , 4) of the basic states of each species; without loss of generality we order species in such a way that ∆E
According to Refs. [18] , [8] the operator J i may be cast as
where U denotes the unit step function, so that an energy threshold appears for the occurrence of each endothermic transition in which ∆E 
Following the suggestions of [2, 11] , we rescale the system of kinetic equations as
where the small parameter ε stands for the Knudsen number. The dominant process in the evolution is thus the whole elastic scattering (of order 1/ε), while the time scale is taken of order ε −1 . As usual in many hydrodynamic limits [8] (possibly leading to reactiondiffusion systems [10] ), non-conservative interactions are taken much slower than the mechanical scattering, specifically the kernel of J i is supposed to be of order ε, in such a way that the typical time appearing in the final system of PDEs is also the typical time of the non-conservative processes.
Analogously to the inert case [11] , we look for solutions to (10) in the form
where ρ i > 0 are constants (without loss of generality ρ = ∑ 4Q i=1 = 1) and M i (1,0,1) are absolute normalized Maxwellians with number density equal to 1, mass velocity equal to 0, temperature equal to 1:
Moreover, since in the considered asymptotic limit we are interested in the evolution of perturbations, for the consistency of the final equations the leading order distributions ρ i M i have to be equilibria of all collision operators, including J i . In other words [18] , if we denote
for any i ≡ s the constant ρ i has to be related to N s and Z s as
and moreover global number densities N 1 , . . . , N 4 have to fulfill the mass action law of chemistry
It's easy to check that equalities (13) and (14) imply that
By inserting distributions (11) into the Boltzmann equations (10), leading order terms vanish since Maxwellians M i do not depend on t, x and satisfy
there remain the equations
where
is the O(ε) part of the operator J i . Equations (16) imply that
Owing to the spectral analysis of such linearized elastic collision operator (recently performed in [12] also for mixtures with different particle masses and for a wide class of intermolecular potentials) and to the linearized entropy dissipation, we see that the perturbation g i ε may be cast as
Coefficients (depending on t and x) have been chosen in such a way that α i (i = 1, . . . , 4Q), u, T are perturbations of number densities, mass velocity, and temperature:
Rescaled conservation equations of total number density and of global momentum read as
By evaluating the streaming terms we immediately get the well known incompressibility condition and a natural extension to a mixture of the simple Boussinesq relation ∇ x (α + T ) = 0 of [2] , namely the constraints
Under suitable assumptions on the domain, Boussinesq condition holds in a strong form:
Hydrodynamic equations
We expect that the general form of evolution equations for densities, global velocity and temperature is the same for a large class of collision kernels, but in the sequel we will stick to the case in which all computations may be performed explicitly, namely to Maxwell molecule interactions. Specifically, we assume at first that in the elastic operators Q ij (f i , f j ) the differential cross section σ ij multiplied by the relative speed g only depends on the deflection angle χ, i.e. g σ ij (g, χ) = ϑ ij (χ). Diffusion coefficients will be expressed in terms of the reduced masses µ ij = m i m j /(m i + m j ) and of the following weighted collision frequencies:
As concerns equations for number densities α i (i = 1, . . . , 4Q), by integrating the Boltzmann equations (10) we get
Notice that in absence of the constraints (13)- (14), which guarantee that leading order distributions are equilibria even for the chemical operators, the additional (non-vanishing) O(1) chemical contribution
would appear on the right hand side of (24), making such evolution equation not consistent. For the closure, to O(ε) accuracy, of the streaming term, it is worth resorting to the momentum equation of each species:
In fact, owing to the weak form of the elastic collision operator, it can be checked by direct computation [11] that the leading term of (25) turns out to be amenable to momentums of distributions g
Hence we can insert the i-th momentum equation (25) into a suitable linear combination of (24), ending up with
where all terms have been divided by ε and all O(ε) contributions have been neglected. Note that to the considered accuracy (namely, at the Navier-Stokes level) no additional chemical contributions come from the momentum equations (see terms into the curly brackets). Recalling now the expression (19) for distributions g i ε we get
where last equality follows from the Boussinesq relation, and
In conclusion, we get 4Q−1 independent evolution equations for number densities α i quite similar to the inert frame, only with additional collision contributions on the right-hand sides, that will be made explicit in the next subsection:
where in the convective term we have taken into account the divergence-free condition for the velocity u. The 4Q-th equation is simply provided by the Boussinesq relation (i.e. the second of (22)).
Notice that in case of a binary mixture of monatomic gases the unique equation (30) simply describes the evolution of the difference of number densities α 1 − α 2 ; on the other hand, Boussinesq constraint involves the total number density, reproducing thus the fact already known in the pertinent literature [5] , [20] that in case of two species the best strategy consists in considering from the beginning the sum and the difference of the two kinetic equations.
For momentum and temperature equations, the strategy of closure is analogous. Such equations may be cast as
(p can be seen as a multiplier). Notice that in the scattering part no collision contributions appear in the global momentum evolution, since it is preserved even by the inelastic scattering and by the chemical reaction, while exchanges of internal energies in inelastic (mechanical or reactive) transitions obviously affect the balance equation for kinetic energy. Again we are able to prove that streaming terms are combinations of moments of distributions g 
where κ ij and ν ij are microscopic collision frequencies defined in (23) .
In conclusion, for momentum and temperature we find convection-diffusion equations analogous to the corresponding ones obtained in [2] for a single gas
but with diffusion coefficients strongly depending on masses and collision frequencies of all species:
In case of a binary mixture of monatomic gases, systems (35)-(36) may be explicitly solved by lengthy but straightforward computations, leading to explicit diffusion coefficients depending on masses, leading order (constant) number densities, and collision frequencies. The strict positivity of diffusion coefficients may be proved in the general case [10] , and is based on suitable properties (mainly, diagonally dominance) of 4Q × 4Q coefficient matrices of the linear systems (35) 
It is possible to prove that the coefficient matrix A is strictly diagonally dominant. Denoting by a ij the entry of the i-th row and the j-th column, we have
,
ν ij has not a definite sign, we set j ∈ S
if that quantity is strictly negative. We note that
Recalling now the definitions of κ ij and ν ij given in (23), we have
Since A is diagonally dominant, then it is invertible, hence for any fixed C there is a unique solution θ 1 , . . . , θ 4Q to the linear system (39). If we multiply the i-th equation (39) by ρ i , we get the following linear systemĀ · θ =b:
which is equivalent to (39), in the sense that it admits the same unique solution θ 1 , θ 2 , . . . θ 4Q . The matrixĀ is again diagonally dominant, has strictly positive diagonal entries, and moreover is symmetric (unlike A). These properties allow to infer thatĀ is positive definite, i.e. θ T ·Ā · θ ≥ 0. This yields
and this proves that d 1 > 0. An analogous proof holds for coefficient d 2 . In fact, bearing in mind that η i are solutions of the linear system (36) with q = 1/2, if we multiply the i-th equation by − ρ i / √ m i , we get an equivalent linear systemÂ · η =b whose coefficient matrix is symmetric and diagonally dominant with strictly positive diagonal entries. Therefore it is positive definite, i.e. η T ·Â · η ≥ 0 and this yields
Chemical collision contributions
In order to complete the derivation of the incompressible Navier-Stokes system in the present non-conservative frame, we have to evaluate collision contributions appearing on the right hand sides of equations for number densities and global temperature ((30) and the second of (37), respectively). Bearing in mind the definition of J i (1) given in (17) and the expression of g i ε , we get
(42) For possible future applications, we prefer computing here such contribution in the most general form, forgetting for a while the assumption Ξ (15) . Recalling the expression of the Maxwellian M i (v) provided in (12) and owing to the conservation of total energy we get
hence (resorting again to both equalities (6))
The notation K i ijhk represents the net production of particles of species A i due to the interaction
Such contributions fulfill the obvious property:
k is endothermic (namely with positive internal energy gap ∆E hk ij > 0), we adopt a Maxwell molecule assumption for the relevant collision kernel and we set
The corresponding relation for the cross section σ ij hk for the reverse reaction has to be obtained by the microreversibility condition, and it is not of Maxwell molecule type. It is worth thus splitting the set of indices
consequently, chemical collision contribution for component A i may be provided by
and in this way all terms are characterized by a Maxwell-type collision kernel. As concerns the contribution appearing in the temperature equation, by means of standard changes of variables [8] it may be proved that, for any test function φ i (v),
and this of course holds for any order of accuracy in the parameter ε (thus also for J 
and this is the term to be added to the second of (37).
We have thus to evaluate only 
that, bearing in mind the recursive relation for the incomplete Euler gamma function Γ(β, z) = z β−1 e −z + (β − 1)Γ(β − 1, z), may be cast as 
so that
Ex . It's important to remark that in (50) the content of the square brackets is nothing but the O(ε) terms (hence, the linearization) of the mass action law (15) 
and this is essentially due to the fact that incompressible limit deals with evolution equations of perturbations of actual macroscopic fields. The linear combinations of contributions (51) appearing in the right hand side of (30) and in (47) complete equations for number densities and temperature, respectively, concluding thus the derivation of incompressible Navier-Stokes equations from kinetic models for polyatomic and reacting gas mixtures.
